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utility representations

e Can we represent preferences numerically?

Definition: A (utility) function v : X — R is a utility repre-
sentation of > if for every x,y € X

x=y < ulx)u(y)

o A utility representation makes it easier to compare choices
— Asparagus is a 5 and kale is a 1: obviously | prefer asparagus to kale!
e A utility representation is easier to think about than an ordering

e |t's also typically easier to find an optimal choice maximizing a utility
function (e.g., using calculus)



utility representations

e If urepresents >, then we must have x # y if and only if u(x) < u(y)

e Thus, x ~ y iff u(x) = u(y)

e Example: X = {x,y,z}, x >po z, and y is incomparable to x and z

— >po has no utility representation

Since x ~ y and y ~ z, we would need u(x) = u(y) and u(y) = u(z)

Since x > z we would need u(x) > u(z)

— Hnce we would need u(x) = u(z) and u(x) > u(z) v

e So when does an ordering have a utility representation?



necessary conditions

Proposition: If > has a utility representation, then > is a
preference order

Proof:
e Suppose that > has a utility representation u

e \We must show that > is asymmetric and negatively transitive

— If x =y, then u(x) > u(y), so u(y) % u(x), so x # y

— If x ¥ yandy # z, then u(x) < u(y) and u(y) < u(z), so u(x) < u(z), so
X ¥z



sufficient conditions for finite case

Theorem: Given a finite set X, a binary relation > on X is a
preference order if and only if > has a utility representation

Proof:

e Recall that if > is a preference order on X, then we can partition the
elements of X into “indifference classes” Xi, ..., Xk such that
“Xy=Xo= oo X

e Thus, we can define u so that u(x) = k for all x € Xy, u(x) = k — 1 for all
X € Xo, ..., u(x) =1 forall x € Xi

e Here is a more formal proof by induction. ..



proof for finite case

Suppose that X ={x1,..., xn}

We show that if > is a preference order on X then > has a utility
representation, by induction on n, the number of elements in X

if n =1, then just take u(x) = 1 and we are done

Suppose the result holds if X has cardinality n —1 (i.e., n — 1 elements)

If > is a preference order on X, then it also a preference order on
X=X\ {x} ={x, ... . xo-1}

— This needs to be checked!

By the induction hypothesis, since X’ has n — 1 elements, there is a utility
function v : X’ — R such that u(x) > u(y) iff x = y for all x,y € X’

How do we extend u to x,?



a useful property
e Before proceeding with the proof, recall a useful property that we will use a
few times today

e |In words, if two alternatives x and y are not comparable, then every other
alternative z ranks relative to x the same way it ranks relative to y

Lemma: If > is a strict preference and x ~ y, then

(@) x=ziffy >z

(@) z=xiffz>y

Proof:
e By NT, if x ¥ z, then y % x % z and thus y ¥ z

e By NT, if z % x, then z % x # y and thus z # y



proof for finite case

There are four cases to consider

1. If x, ~y for some y € X', set u(x,) = u(y)

— By the lemma, x > z iff y > z iff u(xy) = u(y) > u(z)

2. If xp =y forall y € X/, set u(x,) = 1 + maxyex: u(y)

— For every z # X, xp > z and u(xa) > u(z)

3. If y = x, forally € X/, set u(x,) = minyex u(y) — 1

— For every z # X, z > X, and u(z) > u(n,)

4. If none of the previous cases apply, there exist y and y’ in X’ such that
y = Xp =y’ and we can set u(x,) = 0.5miny, u(y) + 0.5 maxysy u(y)

— By transitivity of >, maxyw, u(y) < u(xs) < minywx u(y) (why?)

— hence x > z iff u(z) < maxey u(y) < u(x)



ordinal utility

e |s utility uniquely defined? only up to monotone transformations

Proposition: If u represents >= and f : R — R is strictly
increasing, then f o u also represents >

e Proof: x > y iff u(x) > u(y) iff f(u(x)) > f(u(y))
e Be careful with interpretation of ordinal utility:
— Decreasing marginal utility?

— Interpersonal comparisons?



countable case

Theorem: Given a countable set X, a binary relation > on
X is a preference order if and only if > has a utility represen-
tation

Proof:

e Since X is countable we can label its elements X = {x1, X2, X3, ...}
Let W(x) = {y € X |x > y} be the set of alternatives that are worse than x
Let N(x) = {n]|xjn € W(x)} be the set of labels of such alternatives
Define u: X — R by

- X ¢

neN(x)

with the convention that sum over the empty set equals 0

We need to show that u represents >



proof

e Suppose x >y
— By transitivity, if y > z then x > z, and thus W(y) C W(x)
— By asymmetry, y ¥ y, and thus W(y) C W(x)

— Therefore N(y) C N(x) and thus u(x) > u(y)

e Suppose u(x) > u(y)
— From previous point, y ¥ x

— If x ~y, by our lemma, W(x) = W(y)

This would imply u(x) = u(y) contradicting our assumption ¥

Hence y # y and y # x, and thus x > y



why u works

If X is countably infinite, then the function Pr: X — [0, 1] given by
Pr(x,) = 27" is a probability function on X with full support and

u(x) = Z Pr(y) =Pr (W(x))

yeW(x)

x-y & WX 2W(y) < Pr(W(x)>Pr(W(y))



e Do all preference orders admit a utility representation? No
. ple: X = R? and >~ is the lexicographic or dictionary order given by
X1 >0
LYy =4 or

- \\



lexicographic preferences

e >, is asymmetric

— If x>, y then x; > y1 or [x1 = y1 and x2 > y»]
— If x1 > y1 then neither y1 > xqy nor y1 = x1, and thus y ¥, x

— If [x1 = y1 and x2 > y»] then neither y1 > x1 nor [y1 = x1 and y» > x|, and
thus y ¥, x

e >, is negatively transitive
—Ifx#yand x ¥, y, theny =, x
® x ¥, y implies either x; < y1 or [x1 = y1 and x» < y»]
e |f x £y, this implies either y; > x; or [y1 = x3 and y» > xo]
- fx¥yzandx=y,ory=z orx =z then x * z (why?)
— Suppose x Ay z, x#y, x#zandy # z

e Thenz >y > x
o |f z1 >y1 > x3 then z > x and thus x # z

o |f z1 > y1 > x3 then z > x and thus x # z

e |f not, then z1 = y1 = x1 and z» > y» > x», then z > x and thus x ¥ z



lexicographic preferences

e >, does not admit a utility representation

Suppose u : X — IR represents >,

For every x,y € R if x > y then (x,1) >, (x,0) > (y,1)

Hence, if x > y then we must have u(x, 1) > u(x,0) > u(y, 1)

Therefore, the intervals { [u(x, 0), u(x, 1)] | x € R} are all disjoint

Moreover, each of these intervals contains a rational number
ze € [u(x,0), u(x, ] NQ

|i | |l | X

I I I I
u(y,0) u(y,1) u(x,0) u(x, 1)

— Hence, we have constructed a one-to-one function from R to @, which is
not possible because @ countable v

— Hence, there cannot exist a utility representation for >,



archimidean property

e Trying to “fit" (X, >) into (R, >)
e The properties of (X, >=) must be compatible with those of (R, >)
— > is NT and A = > must be NT and A

— For every two reals x,y € R, if x > y, there exists a rational number z € Q
such that x >z >y

Definition: A set Z C X is order-dense with respect to > if
for every x,y € X\ Z such that x > y, there exists some
ze€ Zsuchthat x>z >y




general case

Theorem: Given an arbitrary set X and a binary relation >
on X, > has a utility representation if and only if

(a) > is a preference order

(b) X has a countable order-dense subset with respect to >

e This result also covers the finite and countable cases (why?)

e A similar construction to the countable case works

— Enumerate Z ={z1, 2, ...}

— Define N(x) = {n|x > z,} and u(x) = ZneN(x) 27"



continuous representations

e Say that > is continuous if whenever x > y and x, — x, there exists some
N such that for n > N we have x, = x

Proposition: If > is a continuous preference order, then there
exists a continuous function v : X — R that represents >




partial orders

e Partial orders are transitive and asymmetric, but indifference
(non-comparability) may not be transitive

e They may fail to have utility representations
e 1 : X — R is a partial utility representation of > if

X>=y = u(x) > u(y)

Theorem: If X is countable, and > is transitive and asym-
metric, then > has a partial utility representation

e Same construction and proof as before works



separability

e Often use models with more structure
e Suppose X = X7 X ... x X, is a product space with n factors

e Typical elements x = (xq, ..., Xn)

Definition: A utility function v : X — IR is additive separable
if there exist functions u; : X; — R such that

u(x) = (x) + ...+ ts(xn)




examples
Cobb-Douglas utility from consumption bundles

u(x,y) = alog(x) + Blog(y)

Expected utility from prizes (xi,..., Xn) with probabilities (py, ..., Pn)

u(L) = Z piu(xi)

i=1

Discounted utility from consumption stream ¢ = (co, . . ., cr)
T
U(c) = Zétu(ct)
t=0

Preferences over some products with multiple features (health insurance)
Foundations of partial equilibrium



independent and essential factors

e Given two alternative x, y € X and a set of indices | C {1,..., n}, let
(x1, y—1) € X denote the alternative z € X given by

xiifiel
Zj = o
yiifi &l
e > satisfies independent factors if for all x,y, w,z € X and | C{1,..., n}

(X, wep) = (1, wey) < (x1,z—1) = (W1, z—1)

e Factor i is essential with respect to > if there exist x, y, z € X such that

(Xi,z—i) = (Vi, z-i)



sufficient conditions for separable utility

Theorem: If > is a continuous preference order on X =
X1 X ...x X, with independent factors and there are at least
three independent factors then

(a) = has an additive separable utility representation u
(b) The corresponding u; functions are continuous

(c) If v is another additive separable utility representation,
then there exist a, b € R with a > 0 such that
b(-)=au(-)+b




a necessary condition

Proposition: If X = X7 x X5 and > has an additive separable
utility representation, then forall a, b,c € Xy and p, q,r € X5

[(a.q) ~ (b.p)&(c.q)~(br)] = (ar)~(cp)

X1




Condorcet paradox

e |s there a natural way of deriving social preferences from individual
preferences?

e Example: Condorcet Paradox
— Anna, Bob and Charlie’s preferences are given by

X>=AY =AZ y>=BZ»BX Z>cX»cy

— One could construct social preferences > by simple majority voting

XYy Y=z Z-X

— This would violate transitivity!



